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DIFFERENCES OF COMPOSITION OPERATORS BETWEEN
DIFFERENT HARDY SPACES
YECHENG SHI AND SONGXIAO LI∗
ABSTRACT. In this paper, we give some estimates for the norm and es-
sential norm of the differences of two composition operators between
different Hardy spaces.
Keywords: Hardy space, composition operator, difference, norm, essen-
tial norm.
1. INTRODUCTION
Let D denote the open unit disk of the complex plane C. We denote the
closure and the unit circle of D by D and ∂D, respectively. Let H(D) be
the class of functions analytic in D. Let dm = dθ
2pi
denote the normalized
Lebesgue measure on ∂D. The Lebesgue space Lp(m) will also be denoted
by Lp(∂D), 0 < p <∞. For 0 < p <∞, let Hp denote the Hardy space of
all f ∈ H(D) such that
‖f‖pp = sup
0<r<1
∫
∂D
|f(rξ)|pdm(ξ) <∞.
Recall that if f ∈ Hp(D), then the radial limits limr→1 f(re
iθ) exist al-
most everywhere on ∂D and will be denoted also by f , which belongs to
Lp(∂D) and
‖f‖pp =
1
2π
∫ 2pi
0
|f(eiθ)|pdθ.
The space H∞(D) consists of all bounded analytic functions on D, and its
norm is given by the supremum norm on D.
For a ∈ D, let σa(z) :=
a−z
1−a¯z
be the disc automorphism that exchanging
0 for a. Let△(a, r) := {z ∈ D : |σa(z)| < r} denote the pseudohyperbolic
disk centered at a with radius r. For two points z, w ∈ D, the pseudohyper-
bolic distance is given by
ρ(z, w) = |σw(z)| =
∣∣ z − w
1− w¯z
∣∣.
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Let ϕ and ψ be two analytic self-maps of D. We write that σ(z) =
ρ(ϕ(z), ψ(z)). Note that σ also has a radial extension σ∗ almost everywhere
on ∂D. Indeed, if ϕ 6= ψ, then the radial limits of ϕ and ψ can coincide only
on a set of measure zero. We will use the same notation for the function σ
and its radial extension.
Let ϕ be an analytic self-map of D. The composition operator Cϕ on
H(D) is defined by Cϕf = f ◦ ϕ. Furthermore, if u is a Borel measurable
function, a weighted composition operator uCϕ onH(D) is defined by
(uCϕf)(z) = u(z)f(ϕ(z)), f ∈ H(D), z ∈ D.
The study of the differences of composition operators was started on the
Hardy spaceH2. The main purpose for this study is to understand the topo-
logical structure of the set of composition operators C(H2), see [1, 4, 21].
After that, such related problems have been studied on several spaces of
analytic functions by many authors, see for example [7, 10, 11, 13, 14, 15,
16, 17, 18, 22]. Motivated by [14, 17, 18], in this paper, we study the dif-
ferences of composition operators between different Hardy spaces.
In the Hardy spaces setting, Goebeler [9] showed that for 0 < q < p <
∞, Cϕ−Cψ : H
p → Hq is compact if and only if the composition operators
Cϕ and Cψ between these spaces are both compact, that is, |ϕ| < 1 and
|ψ| < 1 a.e. on ∂D. Nieminen and Saksman [16] proved that Cϕ − Cψ is
compact on Hp for all p ∈ [1,∞) if and only if Cϕ − Cψ is compact for
some p ∈ [1,∞). But the complete characterization of the compactness of
Cϕ − Cψ : H
p → Hp is still open.
Recently, Saukko in [17] asked the following question: is boundedness
and compactness of the difference operator in Hardy spaces enough to
guarantee the boundedness and compactness of corresponding weighted
composition operators? In this paper, we give partly positive answers to
this question. The main results of this paper are the following theorems.
Theorem 1.1. Let 1 < p < q <∞. Suppose ϕ and ψ are analytic self-maps
of D. Then Cϕ − Cψ : H
p → Hq is bounded if and only if both weighted
composition operators σCϕ and σCψ mapH
p intoHq. Furthermore,
‖Cϕ − Cψ‖
q
Hp→Hq
≈ sup
a∈D
∫
∂D
∣∣∣
(
1− |a|2
(1− aϕ(ξ))2
) 1
p
−
(
1− |a|2
(1− aψ(ξ))2
) 1
p
∣∣∣qdm(ξ)
≈ sup
a∈D
∫
∂D
( 1− |a|2
|1− aϕ(ξ)|2
+
1− |a|2
|1− aψ(ξ)|2
) q
p
ρ(ϕ(ξ), ψ(ξ))qdm(ξ).
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Theorem 1.2. Let 1 < p < q <∞. Suppose ϕ and ψ are analytic self-maps
of D such that Cϕ − Cψ : H
p → Hq is bounded. Then
‖Cϕ − Cψ‖
q
e,Hp→Hq
≈ lim sup
|a|→1
∫
∂D
∣∣∣
(
1− |a|2
(1− aϕ(ξ))2
) 1
p
−
(
1− |a|2
(1− aψ(ξ))2
) 1
p
∣∣∣qdm(ξ)
≈ lim sup
|a|→1
∫
∂D
( 1− |a|2
|1− aϕ(ξ)|2
+
1− |a|2
|1− aψ(ξ)|2
) q
p
ρ(ϕ(ξ), ψ(ξ))qdm(ξ).
Recall that the essential norm of a bounded linear operator T : X → Y
is its distance to the set of compact operators K mappingX into Y , that is,
‖T‖e,X→Y = inf{‖T −K‖X→Y : K is compact },
where X, Y are Banach spaces and ‖ · ‖X→Y is the operator norm.
The present paper is organized as follows. In Section 2, we studyweighted
composition operators between Hardy spaces. In Section 3, we state some
lemmas and give the proofs of Theorems 1.1 and 1.2.
For two quantities A and B, we use the abbreviation A . B whenever
there is a positive constant c (independent of the associated variables) such
that A ≤ cB. We write A ≈ B, if A . B . A.
2. WEIGHTED COMPOSITION OPERATORS FROM Hp TO Hq
In this section, we collect some characterizations of weighted composi-
tion operators between different Hardy spaces. Given any measure µ on D,
we denote by µ|D and µ|∂D its restrictions to the Borel subsets of D and ∂D,
respectively. By Lemma 2.1 of [2], the s-Carleson measure on D is defined
as follows.
Definition 2.1. Let 0 < p, q < ∞, µ be a Borel measure on D. Then
the measure µ is call a q
p
-Carleson measure on D if the inclusion map Iµ :
Hp → Lq(µ,D) is bounded, i.e., there exists a constant C such that
(∫
D
|f(z)|qdµ(z)
) 1
q
≤ C‖f‖p
for every f ∈ Hp. Furthermore, µ is a vanishing q
p
-Carleson measure on D
if the inclusion map Iµ : H
p → Lq(µ,D) is compact.
For an interval I ⊂ ∂D, the Carleson square is defined by
S(I) = {reit ∈ D : 1− |I| < r < 1, eit ∈ I},
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where |E| denotes the Lebesgue measure of the measurable set E ⊂ ∂D.
If a ∈ D\{0}, let Ia = {e
iθ : |arg(ae−iθ)| ≤ 1−|a|
2
}, and denote S(a) =
S(Ia). For convenience, we put I0 = ∂D and S(0) = D.
Suppose u : ∂D → C is a measurable function and ϕ is an analytic
self-map of D. Define the measure µu,ϕ in D by
µu,ϕ(E) =
∫
ϕ−1(E)∩∂D
|u(z)|qdm(z)
for all Borel set E ⊂ D.
We need the following results about weighted composition operators on
Hardy spaces from [2] and [5].
Theorem 2.1. Suppose 0 < p < q <∞ and 0 < r < 1. Let u : ∂D → C be
a measurable function and ϕ an analytic self-map of D. Then the following
statements are equivalent:
(i) The weighted composition operator uCϕ : H
p → Lq(∂D) is bounded.
(ii) µu,ϕ|∂D = 0 and ‖µu,ϕ|D‖
q
p,q := supa∈D
µ(S(a))
(1−|a|2)
q
p
<∞.
(iii) µu,ϕ|∂D = 0 and ‖µu,ϕ|D‖
q
p,q,r := supa∈D
µ(△(a,r))
(1−|a|2)
q
p
<∞.
(iv) supa∈D
∫
D
( 1−|a|2
|1−az|2
) q
pdµu,ϕ(z) <∞.
(v) supa∈D ‖(uCϕ)ka‖
q
Lq(∂D) <∞, where ka(z) =
( 1−|a|2
(1−az)2
) 1
p .
Furthermore, ‖uCϕ‖
q
Hp→Lq(∂D) and the quantities in (ii), (iii), (iv) and
(v) are all comparable with comparability constants depending only on p, q
and r.
Proof. The equivalence between (ii) and (iii) can be found in [12]. By
the change of variables, for all f ∈ H(D) (see [3, Lemma 2.1], also see
[17]),
‖uCϕf‖Lq(∂D) = ‖f‖Lq(µu,ϕ,D).
Therefore, uCϕ : H
p → Lq(∂D) is bounded if and only if the inclusion map
Iµu,ϕ : H
p → Lq(µu,ϕ,D) is bounded, and ‖uCϕ‖ = ‖Iµu,ϕ‖. Taking f =
ka, we obtain that (iv) and (v) are equivalent. The equivalence of (i), (ii)
and (iv) follows from [2, Theorem 2.5] and the proof of [2, Proposition
2.3]. The comparability of the quantities are clear. The proof is complete.
Let n ∈ N. Define the partial sum operator Sn : H(D)→ H(D) by
Sn
( ∞∑
k=0
akz
k
)
=
n∑
k=0
akz
k.
Denote Rn = I − Sn. For 0 < s < 1, we denote Ds = {z ∈ D : |z| < s}.
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Theorem 2.2. Suppose 1 < p < q < ∞ and 0 < r < 1. Suppose that
u : ∂D → C is a measurable function and ϕ is an analytic self-map of D
such that the operator uCϕ : H
p → Lq(∂D) is bounded. Then
(i)
‖uCϕ‖
q
e,Hp→Lq(∂D) ≈ lims→1
‖µu,ϕ|D\Ds‖
q
p,q,r
≈ lim inf
n→∞
‖(uCϕ)Rn‖
q
Hp→Lq(∂D)
≈ lim sup
n→∞
‖(uCϕ)Rn‖
q
Hp→Lq(∂D)
≈ lim sup
|a|→1
‖(uCϕ)ka‖
q
Lq(∂D)
≈ lim sup
|a|→1
µu,ϕ(△(a, r))
(1− |a|2)
q
p
.
(ii) For every 0 < η < 1,
lim
n→∞
sup
‖f‖p≤1
∫
ϕ−1(Dη)
|(Cϕ ◦Rnf)(ξ)|
qdm(ξ) = 0.
Proof. (i) First, we prove that
lim
s→1
‖µu,ϕ|D\Ds‖
q
p,q,r ≈ lim sup
|a|→1
µu,ϕ(△(a, r))
(1− |a|2)
q
p
.
Let
tr(s) =
s− r
1− sr
.
After a calculation, we get that △(a, r) ∩ (D\Ds) 6= 0 if and only if |a| ≥
tr(s). It is easy to see that tr(s) is continuous and increasing on [r, 1), and
lims→1 tr(s) = 1. Thus,
lim sup
|a|→1
µu,ϕ(△(a, r))
(1− |a|2)
q
p
= lim
s→1
sup
|a|≥tr(s)
µu,ϕ(△(a, r))
(1− |a|2)
q
p
≥ lim
s→1
sup
|a|≥tr(s)
µu,ϕ(△(a, r) ∩ (D\Ds))
(1− |a|2)
q
p
= lim
s→1
sup
a∈D
µu,ϕ(△(a, r) ∩ (D\Ds))
(1− |a|2)
q
p
= lim
s→1
‖µu,ϕ|D\Ds‖
q
p,q,r.
Denote A = lims→1 ‖µu,ϕ|D\Ds‖
q
p,q,r. For any ǫ > 0, there exists 0 < t < 1,
such that if t ≤ s < 1, we have
‖µu,ϕ|D\Ds‖
q
p,q,r < A+ ǫ.
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For any fixed s (0 < s < 1), we know that △(a, r) ⊂ D\Ds, as |a| close
enough to 1. Therefore, there exists a l, 0 < l < 1, such that
‖µu,ϕ|D\Ds‖
q
p,q,r = sup
a∈D
µu,ϕ(△(a, r) ∩ (D\Ds))
(1− |a|2)
q
p
≥ sup
|a|>l
µu,ϕ(△(a, r))
(1− |a|2)
q
p
.
Hence,
A+ ǫ ≥ lim sup
|a|→1
µu,ϕ(△(a, r))
(1− |a|2)
q
p
.
Since ǫ is arbitrary, we obtain
lim
s→1
‖µu,ϕ|D\Ds‖
q
p,q,r ≥ lim sup
|a|→1
µu,ϕ(△(a, r))
(1− |a|2)
q
p
.
Now we consider the remainder of the proof. Since uCϕ : H
p → Lq(∂D)
is bounded, by Theorem 2.1, we have µu,ϕ|∂D = 0. See [5, Theorem 5] and
the proof of [5, Theorem 2] for the rest of the proof. Although in the proof
it is assumed that the function u is analytic, the proof also work if it is only
measurable. The comparability of the quantities follows from the proofs.
(ii) Let η ∈ (0, 1) be fixed. For w ∈ D, let Kw(z) =
1
1−wz
, z ∈ D. Then
Kw ∈ H
∞ ⊂ Hp
′
, where 1/p + 1/p′ = 1. For f ∈ Hp and g ∈ Hp
′
, we
denote
〈f, g〉 =
∫
∂D
f(ξ)g(ξ)dm(ξ).
It is easy to see that for every f ∈ Hp,
f(w) = 〈f,Kw〉 and 〈Rnf,Kw〉 = 〈f, RnKw〉.
Thus,
|Rnf(w)| = |〈Rnf,Kw〉| = |〈f, RnKw〉| ≤ ‖f‖p‖RnKw‖∞.
For all ξ ∈ ϕ−1(Dη), let w = ϕ(ξ). Then |w| < η. Since
RnKw(z) = Rn(
∞∑
k=0
wkzk) =
∞∑
k=n+1
wkzk,
one has
‖RnKw‖∞ ≤
ηn+1
1− η
.
Therefore,
lim
n→∞
sup
‖f‖p≤1
∫
ϕ−1(Dη)
|(Cϕ ◦Rnf)(ξ)|
qdm(ξ) ≤ lim
n→∞
ηn+1
1− η
= 0.
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3. PROOFS OF MAIN RESULTS
To prove the main results in this paper, we need the following three lem-
mas.
Lemma 3.1. Let 0 < r < 1. Then there exists a constant C = C(r) > 0
such that whenever a ∈ D and z ∈ △(a, r),
|a|
C
ρ(z, w) ≤
∣∣∣1− 1− az
1− aw
∣∣∣ ≤ C|a|ρ(z, w)
for every w ∈ D.
Proof. The proof is similarly with [17, Lemma 4.3]. We only notice that
|1− zw| ≈ |1− aw|, whenever a ∈ D, z ∈ △(a, r) and w ∈ D.
Lemma 3.2. Let 0 < r < 1, γ > 0. Then there exist constants C1 =
C1(r, γ), C2 = C2(r, γ) > 0 such that whenever a ∈ D and z ∈ △(a, r),
C1
|a|ρ(z, w)
(1− |a|2)γ
≤
∣∣∣∣∣
(
1− |a|2
(1− az)2
)γ
−
(
1− |a|2
(1− aw)2
)γ∣∣∣∣∣ ≤ C2
|a|ρ(z, w)
(1− |a|2)γ
for every w ∈ D.
Proof. Let a ∈ D, w ∈ D and z ∈ △(a, r). By the proof of [17, Lemma
4.4], we have ∣∣∣∣1− ( 1− az1− aw
)2γ∣∣∣∣ ≈
∣∣∣∣1− 1− az1− aw
∣∣∣∣.
Applying this, |1−az| ≈ 1−|a|2 and Lemma 2.1 we get the desired result.
Lemma 3.3. [17] Let f ∈ H1 and 0 < r < 1. Then there exist a constant
C = C(r) such that
|f(z)− f(a)| ≤ Cρ(z, a)P |f |(a)
for every z ∈ △(a, r). Here Pf is the Poisson transformation of f , i.e.,
Pf(z) =
1
2π
∫ 2pi
0
1− |z|2
|1− zeiθ|2
f(eiθ)dθ, f ∈ L1(∂D).
Now we are in a position to prove our main results in this paper.
Proof of Theorem 1.1. First, we consider the lower bound. Suppose that
Cϕ−Cψ : H
p → Hq is bounded. SinceHq is compact embedding intoHp,
we have Cϕ − Cψ : H
p → Hp is compact. Therefore, by [16, Theorem 1
and Lemma 4], |ϕ| < 1 and |ψ| < 1 a.e. on ∂D. Thus, µσ,ϕ(∂D) = 0.
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Let ka(z) =
( 1−|a|2
(1−az)2
) 1
p . By Lemma 3.2, we get
‖Cϕ − Cψ‖
q
Hp→Hq
≥ sup
a∈D
‖(Cϕ − Cψ)ka‖
q
q
= sup
a∈D
∫
∂D
∣∣∣∣∣
(
1− |a|2
(1− aϕ(ξ))2
) 1
p
−
(
1− |a|2
(1− aψ(ξ))2
) 1
p
∣∣∣∣∣
q
dm(ξ) (1)
& sup
|a|≥2−3
∫
ϕ−1(△(a, 1
2
))∩∂D
|σ(ξ)|q
(1− |a|2)
q
p
dm(ξ)
= sup
|a|≥2−3
µσ,ϕ(△(a,
1
2
))
(1− |a|2)
q
p
.
Noting that△(a, 2−3) ⊂ △(2−2, 2−1) for every a ∈ △(0, 2−3), we get
sup
|a|<2−3
µσ,ϕ(△(a, 2
−3))
(1− |a|2)
q
p
≤
µσ,ϕ(△(2
−2, 1
2
))
(1− (2−2)2)
q
p
.
Hence
sup
a∈D
µσ,ϕ(△(a, 2
−3))
(1− |a|2)
q
p
. sup
a∈D
‖(Cϕ − Cψ)ka‖
q
q.
Thus, by Theorem 2.1, we obtain that σCϕ : H
p → Lq(∂D) is bounded and
‖Cϕ − Cψ‖
q
Hp→Hq & sup
a∈D
‖(Cϕ − Cψ)ka‖
q
q & ‖σCϕ‖
q
Hp→Lq(∂D).
Similarly,
‖Cϕ − Cψ‖
q
Hp→Hq & sup
a∈D
‖(Cϕ − Cψ)ka‖
q
q & ‖σCψ‖
q
Hp→Lq(∂D),
and hence
‖Cϕ − Cψ‖
q
Hp→Hq & ‖σCϕ‖
q
Hp→Lq(∂D) + ‖σCψ‖
q
Hp→Lq(∂D). (2)
Next we consider the upper bound.
‖Cϕ − Cψ‖
q
Hp→Hq
= sup
‖f‖p≤1
‖(Cϕ − Cψ)f‖
q
q
= sup
‖f‖p≤1
(∫
|σ(ξ)|≥ 1
2
+
∫
|σ(ξ)|< 1
2
)
|f ◦ ϕ(ξ)− f ◦ ψ(ξ)|qdm(ξ)
:= I1 + I2.
It is easy to see that
I1 . ‖σCϕ‖
q
Hp→Lq(∂D) + ‖σCψ‖
q
Hp→Lq(∂D).
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By Lemma 2.3,
I2 = sup
‖f‖p≤1
∫
|σ(ξ)|< 1
2
|f ◦ ϕ(ξ)− f ◦ ψ(ξ)|qdm(ξ)
≤ sup
‖f‖p≤1
∫
|σ(ξ)|< 1
2
|σ(ξ)|q
(
P |f | ◦ ϕ(ξ)
)q
dm(ξ)
≤ sup
‖f‖p≤1
∫
D
(
P |f |(z)
)q
dµσ,ϕ(z).
Let g˜(z) denote the harmonic conjugate function of g(z) := P |f |(z), nor-
malized so that g˜(0) = 0, and let v = g + ig˜. Then both g and g˜ are belong
to the harmonic Hardy space hp and hence v ∈ Hp. By M. Riesz theorem
(see [8, Theorem 2.3 of Chapter 3 ] or [6, Theorem 4.1]) and Minkowski
inequality, we get
‖v‖p ≈ ‖g‖p + ‖g˜‖p . ‖g‖p ≤ ‖f‖p.
By Theorem 2.1,∫
D
(
P |f |(z)
)q
dµσ,ϕ(z) ≤
∫
D
|v(z)|qdµσ,ϕ(z)
. ‖σCϕ‖
q
Hp→Lq(∂D)‖v‖
q
p
. ‖σCϕ‖
q
Hp→Lq(∂D)‖f‖
q
p.
Thus,
I2 . ‖σCϕ‖
q
Hp→Lq(∂D).
Hence
‖Cϕ − Cψ‖
q
Hp→Hq . ‖σCϕ‖
q
Hp→Lq(∂D) + ‖σCψ‖
q
Hp→Lq(∂D). (3)
Therefore, by (1), (2) and (3), we get
‖Cϕ − Cψ‖
q
Hp→Hq ≈ sup
a∈D
‖(Cϕ − Cψ)ka‖
q
q
≈ ‖σCϕ‖
q
Hp→Lq(∂D) + ‖σCψ‖
q
Hp→Lq(∂D).
The result follows by Theorem 2.1.
Proof of Theorem 1.2. We can assume that ϕ 6= ψ. Let {an} be any
sequence in D such that an → 1 as n → ∞. Let kan(z) =
( 1−|an|2
(1−anz)2
) 1
p .
Then ‖kan‖Hp = 1 and kan → 0 weakly in H
p as n → ∞. Let S be a
compact operator from Hp intoHq. Then limn→∞ ‖Skan‖Hq = 0. Hence,
‖Cϕ − Cψ − S‖Hp→Hq ≥ lim sup
n→∞
‖(Cϕ − Cψ − S)kan‖q
≥ lim sup
n→∞
‖(Cϕ − Cψ)kan‖q.
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Thus,
‖Cϕ − Cψ‖e,Hp→Hq ≥ lim sup
|a|→1
‖(Cϕ − Cψ)ka‖q. (4)
Now, we prove that
lim sup
|a|→1
‖(Cϕ − Cψ)ka‖
q
q & ‖σCϕ‖
q
e,Hp→Lq(∂D) + ‖σCψ‖
q
e,Hp→Lq(∂D). (5)
Since Cϕ − Cψ : H
p → Hq is bounded, by Theorem 1.1, we have σCϕ :
Hp → Lq(∂D) is bounded. Let 0 < r < 1. By Lemma 3.2 and Theorem
2.2, we obtain
lim sup
|a|→1
‖(Cϕ − Cψ)ka‖
q
q
= lim sup
|a|→1
∫
∂D
∣∣∣∣∣
(
1− |a|2
(1− aϕ(ξ))2
) 1
p
−
(
1− |a|2
(1− aψ(ξ))2
) 1
p
∣∣∣∣∣
q
dm(ξ)
& lim sup
|a|→1
∫
ϕ−1(△(a,r))∩∂D
|σ(ξ)|q
(1− |a|2)
q
p
dm(ξ)
= lim sup
|a|→1
µσ,ϕ(△(a, r))
(1− |a|2)
q
p
≈ ‖σCϕ‖
q
e,Hp→Lq(∂D).
Similarly, we get
lim sup
|a|→1
‖(Cϕ − Cψ)ka‖
q
q & ‖σCψ‖
q
e,Hp→Lq(∂D).
Finally, we prove that
‖Cϕ − Cψ‖
q
e,Hp→Hq . ‖σCϕ‖
q
e,Hp→Lq(∂D) + ‖σCψ‖
q
e,Hp→Lq(∂D).
Since the partial sum operator Sn is compact, we get
‖Cϕ − Cψ‖e,Hp→Hq ≤ lim sup
n→∞
‖(Cϕ − Cψ)Rn‖Hp→Lq(∂D).
Denote E = {ξ ∈ ∂D : |σ(ξ)| ≥ 1/2} and E ′ = ∂D\E. Then
In(f) :=
∫
E
|(Cϕ − Cψ)Rnf(ξ)|
qdm(ξ)
≤ 2q
(∫
E
|(σCϕ)Rnf(ξ)|
qdm(ξ) +
∫
E
|(σCψ)Rnf(ξ)|
qdm(ξ)
)
≤ 2q
(
‖(σCϕ)Rn‖
q
Hp→Lq(∂D) + ‖(σCψ)Rn‖
q
Hp→Lq(∂D)
)
,
whenever ‖f‖p ≤ 1 and n ∈ N. Thus by Theorem 2.2 (i),
lim sup
n→∞
sup
‖f‖p≤1
In(f) . ‖σCϕ‖
q
e,Hp→Lq(∂D) + ‖σCψ‖
q
e,Hp→Lq(∂D).
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Denote
Jn(f) :=
∫
E′
|(Cϕ − Cψ)Rnf(ξ)|
qdm(ξ).
For all a, z, w ∈ D, from [8, Lemma 1.4 of Chapter 1] or [20] we see that
ρ(z, w) ≤
ρ(z, a) + ρ(a, w)
1 + ρ(z, a)ρ(a, w)
.
Let s ∈ (0, 1) be arbitrary. Suppose z ∈ E ′∩ϕ−1(Ds). By the last inequality
we can find s′ =
1
2
+r
1+ r
2
∈ (0, 1) such that E ′ ∩ ϕ−1(Ds) ⊂ ψ
−1(Ds′). Thus
by Theorem 2.2 (ii),
lim
n→∞
sup
‖f‖p≤1
∫
E′∩ϕ−1(Ds)
|(Cϕ ◦Rnf)(ξ)|
qdm(ξ) = 0
and
lim
n→∞
sup
‖f‖p≤1
∫
E′∩ϕ−1(Ds)
|(Cψ ◦Rnf)(ξ)|
qdm(ξ) = 0.
Hence
lim sup
n→∞
sup
‖f‖p≤1
Jn(f) . lim sup
n→∞
sup
‖f‖p≤1
∫
F
|(Cϕ − Cψ) ◦Rnf(ξ)|
qdm(ξ)
. sup
‖f‖p≤1
∫
F
|(Cϕ − Cψ)f(ξ)|
qdm(ξ),
where F = E ′ ∩ ϕ−1(D\Ds) and we used the fact that the operators Sn are
uniformly bounded (see [23, Proposition 1]), so does Rn.
Using Lemma 3.3, we get∫
F
|(Cϕ − Cψ)f(ξ)|
qdm(ξ) .
∫
F
|σ(ξ)|q
(
P |f | ◦ ϕ(ξ)
)q
dm(ξ)
=
∫
ϕ(F )
(
P |f |(z)
)q
dµσ,ϕ(z)
≤
∫
D\Ds
(
P |f |(z)
)q
dµσ,ϕ(z).
Let g˜(z) denote the harmonic conjugate function of g(z) := P |f |(z) with
g˜(0) = 0 and let v = g + ig˜. Then v ∈ Hp, |g(z)| ≤ |v(z)|, and
‖v‖p ≈ ‖g‖p ≤ ‖f‖p ≤ 1.
Therefore,∫
D\Ds
(
P |f |(z)
)q
dµσ,ϕ(z) .
∫
D\Ds
|v(z)|qdµσ,ϕ(z).
12 YECHENG SHI AND SONGXIAO LI∗
Since Cϕ − Cψ : H
p → Hq is bounded, we have σCϕ : H
p → Lq(∂D) is
bounded. Thus, µσ,ϕ|∂D = 0 and
‖
(
µσ,ϕ|D\Ds
)
|D‖p,q,r ≤ ‖µσ,ϕ‖p,q,r <∞.
This show that µσ,ϕ|D\Ds is a
q
p
-Carleson measure on D. Then,∫
F
|(Cϕ − Cψ)f(ξ)|
qdm(ξ) .
∫
D\Ds
|v(z)|qdµσ,ϕ(z)
=
∫
D
|v(z)|qd(µσ,ϕ|D\Ds)(z)
. ‖(µσ,ϕ|D\Ds)|D‖
q
p,q,r
= ‖µσ,ϕ|D\Ds‖
q
p,q,r.
Letting s→ 1, we get
lim sup
n→∞
sup
‖f‖p≤1
Jn(f) . ‖σCϕ‖
q
e,Hp→Lq(∂D).
Therefore,
‖Cϕ − Cψ‖
q
e,Hp→Hq ≤ lim sup
n→∞
sup
‖f‖p≤1
‖(Cϕ − Cψ)Rn‖
q
Hp→Lq(∂D)
= lim sup
n→∞
sup
‖f‖p≤1
In(f) + lim sup
n→∞
sup
‖f‖p≤1
Jn(f)
. ‖σCϕ‖
q
e,Hp→Lq(∂D)+ . ‖σCψ‖
q
e,Hp→Lq(∂D). (6)
By (4), (5), (6) and Theorem 2.2, we get the desired result.
Remark 3.1. Theorem 1.2 motivate us to study a possible connection
between the differences of composition operators and the corresponding
weighted composition operators onHp. We conjecture that
‖Cϕ − Cψ‖
p
e,Hp→Hp
≈ lim sup
|a|→1
∫
∂D
∣∣∣
(
1− |a|2
(1− aϕ(ξ))2
) 1
p
−
(
1− |a|2
(1− aψ(ξ))2
) 1
p
∣∣∣pdm(ξ)
≈ lim sup
|a|→1
∫
∂D
( 1− |a|2
|1− aϕ(ξ)|2
+
1− |a|2
|1− aψ(ξ)|2
)
ρ(ϕ(ξ), ψ(ξ))pdm(ξ).
Remark 3.2. In [16], Nieminen and Saksman showed that the compactness
of Cϕ − Cψ on H
p is independent of p ∈ [1,∞). Therefore, we also con-
jecture that Cϕ − Cψ : H
p → Hp(1 ≤ p < ∞) is compact if and only
if
lim
|a|→1
∫
∂D
( 1− |a|2
|1− aϕ(ξ)|2
+
1− |a|2
|1− aψ(ξ)|2
)
ρ(ϕ(ξ), ψ(ξ))dm(ξ) = 0.
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Remark 3.3. In [19], Shapiro showed that the operator Cϕ is compact on
Hp if and only if
lim
|z|→1
Nϕ(z)
log 1
|z|
= 0,
where Nϕ, called the Nevanlinna counting function, is defined by
Nϕ(z) =
∑
a∈ϕ−1(z)
log
1
|a|
, z ∈ D \ ϕ(0).
We ask whether Cϕ − Cψ : H
p → Hp is compact if and only if
lim
|z|→1
ρ(ϕ(z), ψ(z))
(
Nϕ(z)
log 1
|z|
+
Nψ(z)
log 1
|z|
)
= 0?
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